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We study few properties of square-free integers in certain equations. Using this property, we 
derive some infinite products in powers of square free numbers. Also, we present a method, to convert 
power series and trigonometric series to infinite products. Infinite products of few elementary 
trigonometric functions and factorials for large numbers are shown as examples.  
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In Number theory, a square-free integer is, one divisible by no perfect square, except 1. For 
example, 10 is square-free but 18 is not, as it is divisible by 9 = 32. The smallest square-free integers are 
1, 2, 3, 5, 6, 7, 10, 11, 13, 14, 15 etc. Generally, these integers are very less in applications.  In this paper, 





If  n  is square free Integer, then we can write knnnnn K321= , then k is number of primes in ‘n’. 
Therefore,  k  is order of square free Integer n. 
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So that                
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Now, comparing coefficients  
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Where knnnn ,,,, 321 K  are distinct primes 
 
Replacing x by x−  
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Putting 2
1
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2.  For 12 ≤x and 1cos ≠θx , Let us take  
 








k xkxa θ                                                   (14) 
 
























                                                       
  











































xax θθθθ              
 
Then, using equations (5), 
 











k xkxax θθ                                            (15) 
 
Therefore, we get, 
 








xkxe θθ                                                    (16) 
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Replacing θ  by  θpi −  
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If 1=x , then (18) gives 
 









a ke k θθ                                                          (21) 
 
Adding (15) and (17) 
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=+−++−+−−− bbbbbbbbb                                         (26) 
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2coscos2 bbbxbbxbbxbx θθθθ  
 










k xkxbx θθ                                            (30) 
 
Therefore, we get, 
 








xkxe θθ                                                    (31) 
 








kb                                                                            (32) 
 
4.  Let )(xp  be a power series in ‘x’, as follow as  
 




21)( xcxcxcxcxp                                              (33) 
 
Using equation (1), we can write, 
 































                     
 
Rearranging, we get 
 
          ∞+−++−++−= K)1log()()1log()()1log( 313312122111 xacacxacacxac                 
 
Let us take  
 
1/3/32/21 acacacacacp klklkkkk ++++++= KK                                       (34) 
 




∞+−+−+−= K)1log()1log()1log()( 33221 xpxpxpxp                               
 
∞−−−= K321 )1()1()1( 32)( pppxp xxxe                                              (35)    
 































++++++= KK               (37) 
 
Similarly from (23), we can easily find, 
 




1/3/32/21 bcbcbcbcbcp klklkkkk ++++++=′ KK                                         (39) 
 










xkxe θ                                                     (40)    
 
Where  











++++++=′ KK               (41) 
 
Let )(xq  be a power series in x , in odd degree as follow as  
 
       ∞+++= K55
3



















































e                                        (43) 
Let us take  
 
1/3/31 adadadadq klklkkk +++++= KK                                       (44) 
 


















































+++++= KK                                                   (46) 
 
5. We can convert Trigonometric series to infinite products 
 









xkxe θθ                                                     (48)    
Where  
































xkxe θθ                                                     (50)    
Where  



















kkkk ++++++=′ KK                               (51) 
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kkk +++++= KK                                              (54)  
 
Similarly, we can express  
 
∞++++= Kθθθθθ 4cos3cos2coscos),( 4433221 xcxcxcxcxp                             (55) 
 





























,  10 << x                                
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Now, comparing coefficients  
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